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We investigate the four solar system tests of gravity - perihelion precession, light bending, Shapiro
time delay, gravitational redshift - in f(T ) gravity. In particular, we investigate the solution derived
by Ruggiero and Radicella [53] for a nondiagonal vierbein field for a polynomial f(T ) = T + αTn,
where α is a constant and |n| 6= 1. In this paper, we derive the solutions for each test, in which
Weinberg’s, Bodenner and Will’s, Cattani et al. and Rindler and Ishak’s methods are applied,
Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (Wiley,
New York, 1972); Am. J. Phys. 71 (2003); Phys. Rev. D 87, 047503 (2013); Phys. Rev. D 76,
043006 (2007). We set a constraint on α for n = 2, 3 by using data available from literature.
PACS numbers: 04.50.Kd, 95.30.Sf, 96.12.De
I. INTRODUCTION
One of the current issues in theoretical physics
is the difficult to understand gravitational inter-
actions at large scales. For instance, the observed
accelerated expansion of the Universe [1–5] can-
not be explained in general relativity (GR) unless
the existence of a cosmic fluid having exotic prop-
erties is postulated, the dark energy, or introduc-
ing a cosmological constant which, in turn, brings
about other problems, concerning its nature and
origin [6]. Similarly, the rotation curves of spi-
ral galaxies seem to escape the current gravity
paradigms: to reconcile the theoretical models
with the observations, the existence of a pecu-
liar form of matter is required, the dark matter,
which is supposed to be a cold and pressureless
medium, whose distribution is that of a spherical
halo around the galaxies[7].
Even though in the last 100 years GR has un-
dergone brilliant successes in explaining and dis-
covering the features of the gravitational inter-
actions in the world around us (a comprehensive
overview about the tests of GR in the last 100
years can be found in the recent paper by Clifford
M. Will [8]), the reliability of Einstein theory and
its principles are questioned when observations
on large cosmological scales are confronted with
the theoretical predictions or, also, when the is-
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sue of quantization of gravity is considered. The
quest for a more fundamental theory of gravity is
open: this new theory must be capable of describ-
ing gravitational interactions at all scales; more-
over, since GR is in excellent agreement with the
observations at small scales, any new theory of
gravity should lead to Einstein theory in some
suitable limit. In the recent paper [9] a review
of the motivations to consider extensions of GR
can be found, together with a discussion of some
modified theories of gravity.
A possible approach toward a new theory of
gravity consists in extending GR on a purely
geometric basis: theories of gravity having a
richer geometric structure have been proposed,
such as the f(R) theories, where the gravita-
tional Lagrangian depends on a function f of the
curvature scalar R (see [10, 11] and references
therein): when f(R) = R the action reduces to
the usual Einstein-Hilbert action, and Einstein’s
theory is obtained. Another approach stems from
a generalization of teleparallel gravity (TEGR)
[12–14]: the latter is based on a Riemann-
Cartan space-time, endowed with the nonsym-
metric Weitzenbo¨ck connection which, unlike the
Levi-Civita connection of GR, gives rise to tor-
sion but it is curvature-free. In TEGR torsion
plays the role of curvature, while the tetrads field
plays the role of the dynamical field instead of the
metric field; the field equations are obtained from
a Lagrangian containing the torsion scalar T . It
is interesting to point out that Einstein himself
studied a theory of gravity with torsion, in his
attempt to formulate a unified theory of gravita-
tion and electromagnetism [15–17]. Even though
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2the two theories have a different geometric struc-
ture, GR and TEGR share the same dynamics:
this means that every solution of GR is also solu-
tion of TEGR. In the so called f(T ) theories, the
gravitational Lagrangian is an analytic function
of the torsion scalar T , so they generalize TEGR
just as the f(R) theories do for GR. These theo-
ries are appealing because they are not equivalent
to GR [18, 19] and, as a consequence, they can
be considered as potential candidates to solve the
issue of cosmic acceleration [20–32]. Various as-
pects of f(T ) gravity have been considered, such
as, for instance, exact solutions and stellar mod-
els [34–42, 45–48]. Spherically symmetric solu-
tions in f(T ) gravity are important also because
these solutions, describing the gravitational field
of pointlike sources, can be used to constrain
these theories with planetary motions in the So-
lar System. A weak-field solution, suitable to
model the gravitational interaction in the Solar
System, was obtained by Iorio and Saridakis (IS)
[49] for a Lagrangian in the form f(T ) = T+αT 2,
where α is a small constant which parametrizes
the departure from GR: this solution was used
to constrain the α parameter in the Solar Sys-
tem [50]. Indeed, the additional degrees of free-
dom of f(T ) gravity are related to the fact that
the equations of motion are not invariant under
local Lorentz transformations [51] (see however
the recent papers [43, 44] where the possibility of
obtaining a fully covariant reformulation of f(T )
gravity has been analyzed). In particular, this
implies the existence of a preferential global ref-
erence frame defined by the autoparallel curves of
the manifold that solve the equations of motion.
Consequently, even though the symmetry can
help in choosing suitable coordinates to write the
metric in a simple way, this does not give any hint
on the form of the tetrad. As discussed in [52],
a diagonal tetrad is not a good choice to prop-
erly parallelize the spacetime both in the con-
text of non flat homogeneous and isotropic cos-
mologies (Friedman-Lemaitre-Robertson-Walker
universes) and in spherically symmetric space-
times (Schwarzschild or Schwarzschild-de Sitter
solutions): actually, the IS solution was obtained
using a diagonal tetrad, hence it suffers from
these theoretical conundrums. In a subsequent
paper Ruggiero and Radicella (RR) [53] obtained
a new solution for Lagrangian in the general form
f(T ) = T + αTn, with |n| 6= 1, following the
approach described in [52], which does not con-
strain the functional form of the Lagrangian. A
preliminary analysis of the impact of the RR so-
lution on the Solar System dynamics was carried
out in [54].
Here, we investigate the application of this
spherically symmetric spacetime solution to the
four Solar System tests of GR: perihelion pre-
cession, light bending, Shapiro time delay and
gravitational redshift. By doing so, we investi-
gate the effect of the α parameter to these tests,
and by using observational data, constraints on
this parameter are set.
This work is organized as follows. In Sec. II, a
brief description of the field equations and solu-
tions for f(T ) gravity with a non diagonal tetrad
is given, followed by the applications for Solar
System tests being, perihelion precession (Sec.
III, light bending (Sec. IV), Shapiro time delay
(Sec. V) and gravitational redshift (Sec. VI). Fi-
nally, a discussion of the results and constraints
on the parameter α is given in Sec. VII.
II. FIELD EQUATIONS AND SOLUTIONS
In this section, we first discuss the foundations
of f(T ) gravity and obtain the field equations,
then, we solve the field equations in spherically
symmetry and weak-field approximation, in or-
der to obtain the RR solution. In f(T ) gravity
the tetrads play the role of the dynamical field
instead of the metric: given a coordinate basis,
the components eaµ of the tetrads are related to
the metric tensor gµν by gµν(x) = ηabe
a
µ(x)e
b
ν(x),
with ηab = diag(1,−1,−1,−1). We point out
that, in our notation, latin indexes refer to the
tangent space, while greek indexes label coordi-
nates on the manifold, and we set units such that
c = 1. The field equations can be obtained by
varying the action
S = 1
16piG
∫
f(T ) e d4x+ SM , (1)
with respect to the tetrads, where e = det eaµ =√−det(gµν) and SM is the action for the mat-
ter fields. In the action (1), f is a differentiable
function of the torsion scalar T : in particular, if
f(T ) = T , the action is the same as in TEGR,
and the theory is equivalent to GR. Starting from
the tetrads, it is possible to define the torsion
tensor,
Tλµν = e
λ
a
(
∂νe
a
µ − ∂µeaν
)
, (2)
and the superpotential tensor
Sρµν =
1
4
(
T ρµν − T ρµν + T ρνµ
)
+
1
2
δρµT
σ
σν −
1
2
δρνT
σ
σµ ,
(3)
from which it is possible to obtain the torsion
scalar
T = SρµνT
µν
ρ . (4)
3By variation of the action (1) with respect to the tetrads field eaµ, we obtain the field equations
e−1∂µ(e e ρa S
µν
ρ )fT + e
λ
a S
νµ
ρ T
ρ
µλfT + e
ρ
a S
µν
ρ ∂µ(T )fTT +
1
4
eνaf = 4piGe
µ
a T νµ , (5)
in terms of the matter-energy tensor T νµ ; the sub-
scripts T , here and henceforth, denote differenti-
ation with respect to T .
We are interested in spherically symmetric so-
lutions that can be used to describe the gravita-
tional field of a pointlike source, e.g. of the Sun.
To this end, we write the space-time metric in
the form
ds2 = eA(r)dt2 − eB(r)dr2 − r2dΩ2 , (6)
where dΩ2 = dθ2 + sin2 θdφ2. According to the
approach described in [52], we use the non diag-
onal tetrad
eaµ =

eA/2 0 0 0
0 eB/2 sin θ cosφ eB/2 sin θ sinφ eB/2 cos θ
0 −r cos θ cosφ −r cos θ sinφ r sin θ
0 r sin θ sinφ −r sin θ cosφ 0

to obtain the field equations. As clearly discussed
in [52], a diagonal tetrad that gives back the met-
ric in Eq. (6) is not a good choice since the equa-
tions of motion for such a choice would constrain
a priori the form of the Lagrangian. This is re-
lated to the lack of the local Lorentz invariance of
f(T ) gravity: tetrads connected by local Lorentz
transformations lead to the same metric - i.e. the
same causal structure - but different equations of
motions, thus physically inequivalent solutions.
Consequently, we obtain the following field
equations:
f(T )
4
− fT e
−B(r)
4r2
(
2− 2eB(r) + r2eB(r)T − 2rB′(r)
)
+
−fTT T
′(r)e−B(r)
r
(
1 + eB(r)/2
)
= 4piρ, (7)
−f(T )
4
+ fT
e−B(r)
4r2
(
2− 2eB(r) + r2eB(r)T − 2rA′(r)
)
= 4pip, (8)
fT
[
−4 + 4eB(r) − 2rA′(r)− 2rB′(r) + r2A′(r)2 − r2A′(r)B′(r) + 2r2A′′(r)
]
+
+2rfTTT
′
(
2 + 2eB(r)/2 + rA′(r)
)
= 0, (9)
where ρ, p are the energy density and pressure of
the matter energy-momentum tensor; the prime
denotes differentiation with respect to the radial
coordinate r. The expression of the torsion scalar
turns out to be
T =
2e−B(r)(1 + eB(r)/2)
r2
[
1 + eB(r)/2 + rA′(r)
]
.
(10)
A thorough discussion of the exact solutions in
vacuum (ρ = p = 0) and in presence of a cos-
mological constant (ρ = −p) of the above field
equations can be found in [52]. Here we consider
the weak-field solutions with nonconstant torsion
scalar, i.e. T ′ = dT/dr 6= 0, and we are interested
in constraining these solutions by means of So-
lar System tests: so, we can safely suppose that
these solutions are perturbations of a flat back-
ground Minkowski space-time. As a consequence,
we write eA(r) = 1 +A(r), eB(r) = 1 +B(r) for
the metric coefficients. Furthermore, in solving
the field equations (7)-(9) we confine ourselves
to linear perturbations, and consider f(T ) in the
form f(T ) = T + αTn, where α is a small con-
stant, parametrizing the departure of these the-
ories from GR, and |n| 6= 1.
On looking for solutions of the equations (7)-
(9) with ρ = k, p = −k, which corresponds to
a cosmological constant, we obtain the following
4general expressions
A(r) = −C1
r
− α r
2−2n
2n− 32
3n−1 − 1
3
Λr2, (11)
B(r) =
C1
r
+α
r2−2n
2n− 32
3n−1 (−3n+ 1 + 2n2)+1
3
Λr2,
(12)
where we set k = Λ8pi and Λ is the cosmological
constant. Notice that, on setting C1 = 2M , we
obtain a weak-field Schwarzschild - de Sitter so-
lution perturbed by terms that are proportional
to α and decay with a power of the radial coor-
dinate. Moreover, the torsion scalar is
T (r) =
8
r2
+ 2αr−2n23n (n+ 1) . (13)
We see that the perturbation terms proportional
to α go to zero both when r → ∞ with n > 1
and when r → 0 with n < 1[78]. It is interest-
ing to point out that our linearized approach can
be applied to arbitrary polynomial corrections
to the torsion scalar. In other words, a general
Lagrangian can be written in the form f(T ) =
T + g(T ), where g(T ) can be seen as a pertur-
bation of the TEGR-GR Lagrangian f(T ) = T .
As a consequence, by writing the arbitrary func-
tion g(T ) as a suitable power series, it is possible
to evaluate its impact as a perturbation of the
weak-field spherically symmetric solution in GR:
the nth term of the series gives a contribution
proportional to r2−2n.
The case with n = 2, corresponding to the La-
grangian f(T ) = T +αT 2 is interesting since ev-
ery general Lagrangian reduces to this form, in
first approximation. Our vacuum (Λ = 0) solu-
tion for n = 2, turns out to be
A(r) = −32 α
r2
− C1
r
, (14)
B(r) = 96
α
r2
+
C1
r
. (15)
Our results can be compared to the IS solution
[49], where a Lagrangian in the form f(T ) =
T + αT 2 was considered. While to lowest order
approximation in both cases the perturbations
are proportional to 1/r2, the numerical coeffi-
cients are different: this is not surprising, since
the IS solution was obtained by solving different
field equations using a diagonal tetrad.
III. PERIHELION PRECESSION
Consider the metric Eq. (6), and consider the
equatorial plane θ = pi/2. For timelike orbits,
ds2 = dτ2, where τ is the proper time, and hence
the metric reduces to
1 = eA(r)
(
dt
dτ
)2
− eB(r)
(
dr
dτ
)2
− r2
(
dφ
dτ
)2
.
(16)
Since teleparallel gravity expresses the gravita-
tional field through torsional stresses, geodesics
do not exist in a real sense. Instead, we have force
equations analogous to the Lorentz equation of
electrodynamics, in which for spinless particles
is given by
d2xµ
dλ2
+ Γ̂µνρ
dxν
dλ
dxρ
dλ
= Kµνρ
dxν
dλ
dxρ
dλ
, (17)
where Kλµν is the contortion tensor defined to
be,
Kλµν ≡ Γ̂λµν − Γλµν
=
1
2
(
Tλµν + T
λ
µν + T
λ
νµ
)
. (18)
Through the right-hand side (RHS) of Eq.(17)
the torsion plays the role of gravitational force.
From the definition of the contortion tensor, the
geodesic equation of GR can be derived,
d2xµ
dλ2
+ Γµνρ
dxν
dλ
dxρ
dλ
= 0. (19)
However, keeping in mind that both the
geodesic equation and the forcelike equation
share a common source, the final trajectories will
be the same thus giving the equivalence between
general relativity and teleparallel gravity [75–77].
For this reason, using the geodesic equation in-
stead, from the time t and φ components (i.e.
µ = 0, 3), the following constants of motion are
obtained,
eA(r)
dt
dτ
= E, (20)
r2
dφ
dτ
= L, (21)
where E is the energy per unit mass and L is the
angular momentum per unit mass of the parti-
cle. It is important to note that this equivalence
only exists when the weak equivalence principle
(WEP) holds. For the case in which the WEP
does not hold, the force equations of teleparallel
gravity change, depending on the inertial mass
and gravitational mass of the particle, effectively
changing the equations to depend on the prop-
erties of the test particle itself. This however is
consistent within the context of teleparallelism,
5whilst this is not true with regards to GR. Since
the weak-field limit is considered (C1 = 2M), the
WEP will be assumed to hold [13].
Substituting these conserved quantities in Eq.
(16), we obtain
1 =
E2
eA(r)
− e
B(r)L2
r4
(
dr
dφ
)2
− L
2
r2
. (22)
Solving for the angle between perihelion r− and
aphelion r+, we get
φ(r+)∫
φ(r−)
dφ = φ(r+)− φ(r−)
=
r+∫
r−
eB(r)/2
r2
(
E2
L2eA(r)
− 1
L2
− 1
r2
)−1/2
dr,
(23)
which leads directly to the total perihelion pre-
cession per orbit,
∆φ = 2|φ(r+)− φ(r−)| − 2pi. (24)
In order to evaluate the integral in Eq. (23),
we shall make use of properties of elliptical orbits.
At r = r±, we have that dr/dφ = 0. Thus, Eq.
(22) reduces to
1 =
E2
eA(r±)
− L
2
r±2
, (25)
which is a system of simultaneous equations for
E2 and L2. The solutions are
E2 =
eA(r−)eA(r+)
(
r+
2 − r−2
)
eA(r−)r+2 − eA(r+)r−2 , (26)
L2 =
r+
2r−2
(
eA(r−) − eA(r+))
eA(r+)r−2 − eA(r−)r+2 . (27)
Thus, Eq. (23) becomes
φ(r+)−φ(r−) =
r+∫
r−
eB(r)/2
r2
[
eA(r−)eA(r+)
(
r+
2 − r−2
)
+ eA(r)
(
eA(r+)r−2 − eA(r−)r+2
)
r+2r−2
(
eA(r+) − eA(r−)) eA(r) − 1r2
]−1/2
dr.
(28)
The square bracketed term in Eq. (28) vanishes
when r = r±. Thus, we have that
E2
L2eA(r)
− 1
L2
− 1
r2
= D(r)
(
1
r
− 1
r+
)(
1
r−
− 1
r
)
,
(29)
where D(r) is some function in r. Since we are
considering slightly eccentric orbits, D(r) is ap-
proximately constant, i.e. D(r) ≈ D. Thus, the
value of D can be obtained by evaluating the ex-
pression at any point along the orbit. For sim-
plicity, we evaluate the expression at r = L, the
semi-latus rectum, which is defined to be
1
L ≡
1
2
(
1
r+
+
1
r−
)
=
1
a(1− e2) . (30)
where a is the semimajor axis and e is the eccen-
tricity.
Using the change of variables, u = 1/r, and
defining X(u) ≡ e−A(u), differentiating Eq. (29)
yields
D = 1− (u+ − u−)(u+ + u−)
2 (X(u+)−X(u−)) X
′′(u)
∣∣∣∣
u=L−1
.
(31)
Since we are only considering slightly elliptic or-
bits, we have that
X(u+)−X(u−) ≈ (u+ − u−)X ′(L−1), (32)
which simplifies Eq. (31) to
D = 1− uX
′′(u)
X ′(u)
∣∣∣∣
u=L−1
. (33)
Substituting Eq. (29) with D(r) ≈ D into Eq.
(23), we get
φ(r+)− φ(r−) '
r+∫
r−
eB(r)/2
r2
[
D
(
1
r
− 1
r+
)(
1
r−
− 1
r
)]−1/2
dr.
(34)
Using the following change of variables, u = 1/r,
and
u =
1
2
(u+ + u−) +
1
2
(u+ − u−) sinψ, (35)
6in succession, the integral becomes,
φ(r+)− φ(r−) = D−1/2
pi/2∫
−pi/2
eB(ψ)/2 dψ. (36)
The next step is to find D and solve the integral
in Eq. (36) for general n. In what follows, the
result holds for every n except for n = −1, 1, 3/2.
Using Eq. (33), the value of D up to first order
in α, Λ and M , and neglecting their products, is
found to be
D ' 1− 4ML +
4ΛL2
3
− ΛL
3
M
− α2
3n−1(n− 1)L3−2n
M
− α2
3n+1(n− 1)L2−2n
2n− 3 .
(37)
The integral in Eq. (36) up to first order in α,
Λ and M , and neglecting their products, is
pi/2∫
−pi/2
eB(ψ)/2 dψ ' pi + piML +
piΛL2
6
+ α
pi23n−2
(
2n2 − 3n+ 1)L2−2n
2n− 3 . (38)
Thus, using Eqs. (24) and (36), as well as the
definition of the semi-latus rectum in Eq. (30),
the total perihelion precession per orbit up to
first order in α, Λ and M is
∆φ ' 6piM
a(1− e2) +
piΛa3(1− e2)3
M
+
piα23n−1(n− 1)a3−2n(1− e2)3−2n
M
+
piα23n+1(n− 1)na2−2n(1− e2)2−2n
2n− 3 . (39)
If α = 0, we obtain the Schwarzchild de-Sitter
solution as expected. For the case n = 0, the
following solution is obtained,
∆φ ' 6piM
a(1− e2) +
piΛa3(1− e2)3
M
− piαa
3(1− e2)3
2M
.
(40)
One can note that the α takes the role of a cos-
mological constant and is of the same form as the
de-Sitter term, which makes sense since n = 0 re-
duces to the Schwarzchild de-Sitter like solution
with a modified cosmological constant. Using the
transformation,
αr2
6
− Λr
2
3
≡ −kr
2
3
, (41)
with the total perihelion precession angle per or-
bit for a Schwarzchild de-Sitter solution with k
as the cosmological constant Ref. [59–61], the
above solution is obtained .
On the other hand, for n = 2 and n = 3, the
following solutions are obtained,
∆φ ' 6piM
a(1− e2) +
piΛa3(1− e2)3
M
+
256piα
a2(1− e2)2
+
32piα
a(1− e2)M , (42)
∆φ ' 6piM
a(1− e2) +
piΛa3(1− e2)3
M
+
2048piα
a4(1− e2)4
+
512piα
a3(1− e2)3M . (43)
For larger values of integer n, the last term in
α becomes much smaller than the other term in
α, and hence can be neglected.
One can note that the solution obtained in Eq.
(39) gives the Schwarzchild de-Sitter terms. Fur-
thermore, two first order contribution terms in
α are found in which their contribution to the
perihelion precession is dependent on the sign of
α.
Before we determine the resulting contribution,
we first rewrite the α terms as,
piα(n− 1)L2−2n23n
[ L
2M
+
2n
2n− 3
]
. (44)
Recall that we have considered our solution for
n ≥ 0 and excluding the cases n = 0, 1, 3/2 (be-
cause n = 0 is the modified cosmological constant
case, n = 1 and n = 3/2 are not allowed). Since
L >> 1 for the orbits considered in our Solar
System,
3L
2(L+ 2M)
≈ 3
2
. The contributions de-
pending on the sign of α and magnitude of n are
as follows,
(i) 1 < n <
3L
2(L+ 2M)
or n >
3
2
: for such
cases, a negative α yields a negative contri-
bution whilst a positive α gives a positive
contribution.
(ii) n =
3L
2(L+ 2M)
: in this case, the square
bracketed term is exactly 0. Therefore,
there is no α contribution to perihelion pre-
cession.
(iii) 0 < n < 1 or
3L
2(L+ 2M)
< n <
3
2
: within
this range, a negative α yields a positive
contribution whilst a positive α gives a neg-
ative contribution.
7Planet L (106 km) Rev./cty. Obs. prec. Corr. (′′/cty.) α (km2)
Mercury 55.4430 414.9378 −0.0040±0.0050 −8.554× 10−5 < α < 9.505× 10−6
Venus 108.1947 162.6016 0.0240±0.0330 −4.260× 10−4 < α < 2.698× 10−3
Earth 149.5568 100.0000 0.0060±0.0070 −1.064× 10−4 < α < 1.383× 10−3
Mars 225.9289 53.1915 −0.0070±0.0070 −4.230× 10−3 < α < −8.072× 10−15
TABLE I: Different values of α for the first four planets for the case n = 2 using Λ ∼ 10−46 km−2.
Planet L (106 km) Rev./cty. Obs. prec. Corr. (′′/cty.) α (km4)
Mercury 55.4430 414.9378 −0.0040±0.0050 −1.643× 1010 < α < 1.826× 109
Venus 108.1947 162.6016 0.0240±0.0330 −3.117× 1011 < α < 1.97385× 1012
Earth 149.5568 100.0000 0.0060±0.0070 −1.487× 1011 < α < 1.933× 1012
Mars 225.9289 53.1915 −0.0070±0.0070 −1.349× 1013 < α < −25.753
TABLE II: Different values of α for the first four planets for the case n = 3 using Λ ∼ 10−46 km−2.
Using the data available in Refs. [69, 70], the
parameter α is constrained using Λ ∼ 10−46km−2
[71] as shown in Tables I and II. From the tables,
we can set the following constraints. For n = 2,
we found that
−8.554×10−5 < α < −8.072×10−15 km2, (45)
whilst for n = 3, we obtained
− 1.643× 1010 < α < −25.753 km4. (46)
IV. NULL ORBITS AND LIGHT
BENDING
Consider the metric Eq. (6), and consider the
equatorial plane θ = pi/2. For null orbits, ds2 =
0, and hence the metric reduces to
0 = eA(r)
(
dt
dλ
)2
− eB(r)
(
dr
dλ
)2
− r2
(
dφ
dλ
)2
,
(47)
where λ is an affine parameter. Similar to the
previous section, we note two constants of mo-
tion,
eA(r)
dt
dλ
= E, (48)
r2
dφ
dλ
= L, (49)
where E is the energy and L is the angular mo-
mentum. Substituting these conserved quantities
in Eq. (47), we obtain
0 =
E2
L2
− e
A(r)+B(r)
r4
(
dr
dφ
)2
− e
A(r)
r2
. (50)
Defining a new variable u = 1/r and differen-
tiating the previous expression yields the light
bending differential equation,
0 =
d2u
dφ2
+
1
2
d
du
[A(u) +B(u)]
(
du
dφ
)2
+
1
2eA(u)+B(u)
d
du
[
u2eA(u)
]
. (51)
To eliminate the square derivative term, we again
make use of Eq. (50) and the fact that E2/L2 ≡
1/R2, the impact parameter R, to get(
du
dφ
)2
=
uR
2 − u2eA(u)
eA(u)+B(u)
. (52)
where uR ≡ 1/R. Thus, substituting Eq. (52) in
Eq. (51) gives the final light bending equation,
0 =
d2u
dφ2
+
1
2eA(u)+B(u)
d
du
[
u2eA(u)
]
+
1
2
d
du
[A(u) +B(u)]
uR
2 − u2eA(u)
eA(u)+B(u)
. (53)
Since the only terms of interest are those up to
first order, the differential equation simplifies as
follows. Expanding the metric terms, as long as
|A(u)|, |B(u)| < 1 and since A(u), B(u) are first
order functions, we get
e−A(u)−B(u) ≈ 1−A(u)−B(u). (54)
Thus, since any products of A(u) and B(u) are
at least second order, the differential equation
reduces to,
0 ≈d
2u
dφ2
+ u (1−B(u)) + 1
2
uR
2 d
du
[A(u) +B(u)]
− 1
2
u2
d
du
[B(u)] , (55)
8which, for the functions of A(u) and B(u) given
in the second section, we get
0 ≈d
2u
dφ2
+ u− 3Mu2 + α2
3n−1(n− 1)nu2n−3
R2
+
α23n−1n
(
3n− 2n2 − 1)u2n−1
2n− 3 . (56)
From this differential equation, we obtain a so-
lution for u, which represents the path of the
photon as a function of φ. Since this is a nonlin-
ear differential equation which is very difficult to
solve, we shall adopt Bodenner and Will’s iter-
ative method [56] and then make use of Rindler
and Ishak’s invariant cosine technique [58], which
in turn allows us to determine the deflection an-
gle  as shown in Fig.1.
This is achieved by considering a photon com-
ing from a far away source at an angle (without
loss of generality) φ = −pi/2 (but not r →∞ due
to the presence of the de Sitter horizon), reaches
a point of closest approach at φ = 0 and leaving
at an angle φ = pi/2. In this way, a solution for
u is achieved. Before moving forward, a trans-
formation φ → pi/2 − φ is applied to make the
calculations simpler.
In order to calculate the deflection angle, we
consider two coordinate directions d = (dr, dφ)
and δ = (δr, 0) which represent the direction
of the orbit and the direction of the coordinate
line φ = constant respectively. Lastly, we let ψ
be the angle between these two coordinate direc-
tions, as illustrated in Fig. 1. For simplicity, the
paths illustrated in the figure are the homoge-
neous straight line path and the actual path for
a Schwarzchild de-Sitter metric (i.e. α = 0).
The angle ψ between the two coordinate direc-
tions d and δ is given by the invariant formula
cosψ =
gijd
iδj√
gijdidj
√
gijδiδj
. (57)
where gij is the metric tensor of the subspace.
Thus, substituting the metric tensor into this re-
FIG. 1: The plane graph representing the orbit with
the one-sided deflection angle  = ψ + φ [63].
lation yields
cosψ =
|C|[
C2 + r2e−B(r)
]1/2 , (58)
where C ≡ dr
dφ
. Equivalently, the expression can
be rewritten as
tanψ =
re−B(r)/2
|C| . (59)
Since the angle is very small, the small angle ap-
proximation can be used, giving ψ as
ψ ≈ re
−B(r)/2
|C| . (60)
To obtain the deflection, we evaluate it when
φ = 0. Hence, the one-sided deflection will be
 = ψ0, where ψ0 denotes the evaluation of ψ
at φ = φ0. Denoting the value of r and C at
φ = φ0 by r0 and C0 respectively, using Eq.(60),
the one-sided deflection angle is
ψ0 =
r0
|C0|
√
1 +
2M
r0
+ α
r0
2−2n 23n−1
2n− 3 (2n
2 − 3n+ 1) + Λr0
2
3
. (61)
A. The case n = 0
For the case n = 0, keeping up to first order in
α, Λ and M , and neglecting their products, Eq.
(56) reduces to,
0 ' d
2u
dφ2
+ u− 3Mu2. (62)
Recall that n = 0 corresponds to a Schwarzchild
9de-Sitter like solution with α taking the role of
a cosmological constant. One can note that we
do not have a contribution from the cosmologi-
cal constant, as expected when working with a
Schwarzchild de-Sitter metric [58, 64, 65].
B. The case n = 2
Consider a quadratic T in f(T ) gravity, which
corresponds to n = 2. Using Eq. (56), it reduces
to,
0 =
d2u
dφ2
+ u− 3Mu2 + 64αu
R2
− 192αu3. (63)
Assuming a solution of the form u ≈ u0 + u1, we
obtain the following system of differential equa-
tions,
d2u0
dφ2
+ u0 = 0, (64)
d2u1
dφ2
+ u1 − 3Mu02 + 64α
R2
u0 − 192αu03 = 0.
(65)
Together, these give the solution for u, which is
u =
3M
2R2
+
cosφ
R
− M cos(2φ)
2R2
+
40αφ sinφ
R3
+
26α cosφ
R3
− 6α cos(3φ)
R3
. (66)
The solution of u is symmetric about φ = 0,
which is expected from the spherical symmetry.
Before deriving the properties and deflection, we
first change φ→ pi/2− φ to obtain,
u =
3M
2R2
+
sinφ
R
+
M cos(2φ)
2R2
+
26α sinφ
R3
+
6α sin(3φ)
R3
+
20piα cosφ
R3
− 40αφ cosφ
R3
.
(67)
From this solution of u, one can find the value
of the distance of closest approach r¯ by setting
u(pi/2) = 1/r¯. To obtain the deflection, we eval-
uate the value for r0
1
r0
=
2M
R2
+
20piα
R3
, (68)
and the value for C0
C0 = −r02
(
1
R
+
4α
R3
)
. (69)
Using these values and substituting into Eq.
(61), the one-sided deflection up to first order
in α, Λ and M , and neglecting their products, is
found to be
ψ0 =
2M
R
(
1 +
10piα
MR
− ΛR
4
24M2
)
. (70)
The contribution of α obtained here is in agree-
ment with Ref. [66]. One can also note that the
α contribution is independent of the source M .
C. The case n = 3
For a cubic T in f(T ) gravity, i.e. n = 3, Eq.
(56) becomes,
0 ' d
2u
dφ2
+u−3Mu2+ 1536α
R2
u3−2560αu5. (71)
Assuming a solution of the form u ≈ u0 + u1, we
obtain the following system of differential equa-
tions,
d2u0
dφ2
+ u0 = 0, (72)
d2u1
dφ2
+ u1 − 3Mu02 + 1536α
R2
u0
3
− 2560αu05 = 0. (73)
Solving the system of equations, the solution for
u is given to be
u =
3M
2R2
+
cosφ
R
− M cos(2φ)
2R2
+
224αφ sinφ
R5
+
148α cosφ
R5
− 52α cos(3φ)
R5
− 20α cos(5φ)
3R5
.
(74)
Again, the solution of u is symmetric about
φ = 0, which is expected from the spherical sym-
metry. Similarly to what was done to the n = 2
case, we first change φ→ pi/2− φ to obtain,
u =
3M
2R2
+
sinφ
R
+
M cos(2φ)
2R2
+
148α sinφ
R5
+
52α sin(3φ)
R5
− 20α sin(5φ)
3R5
+
112piα cosφ
R5
− 224αφ cos(φ)
R5
. (75)
The distance of closest approach r¯ can be found
by setting u(pi/2) = 1/r¯. Obtained a solution for
u, the value for r0 is
1
r0
=
2M
R2
+
20piα
R3
, (76)
whilst the value for C0 is
C0 = −r02
(
1
R
+
140α
3R5
)
. (77)
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Using these values and substituting into Eq.
(61), the one-sided deflection up to first order
in α, Λ and M , and neglecting their products, is
found to be
ψ0 =
2M
R
(
1 +
56piα
MR3
− ΛR
4
24M2
)
. (78)
Similarly to the previous case, the α contribu-
tion is independent of the source M .
D. The case n ≥ 4
For such cases, since the powers of u in Eq.
(56) are positive, assuming a perturbed solution
of the form u ≈ u0 + u1, the following system of
equations is obtained,
d2u0
dφ2
+ u0 = 0, (79)
d2u1
dφ2
+ u1 − 3Mu02 + α2
3n−1(n− 1)nu02n−3
R2
+
α23n−1n
(
3n− 2n2 − 1)u02n−1
2n− 3 = 0. (80)
Solving this system of equations generates a
solution in terms of the hypergeometric function
2F1(a, b; c; z), and the method becomes unusable.
Instead, the following method is applied. The
solution of Eq. (80) is an addition of particular
solutions (by the principle of superposition), and
thus the solution for u1 can be expressed as an
addition of two particular solutions: the first for
3Mu0
2 (which gives the Schwarzchild contribu-
tion), and the second for the α term.
The first particular solution is,
3M
2R2
− M cos(2φ)
2R2
, (81)
whilst the second for α is in terms of hyperge-
ometric functions. To avoid working with the
latter, define the function g(φ) ≡ α23n−1nf(φ)
to be the solution for this particular solution. In
other words, the solution for u1 is given by,
u1 =
3M
2R2
− M cos(2φ)
2R2
+ α23n−1nf(φ). (82)
Substituting into Eq. (80), we get
d2f
dφ2
+ f− (n− 1)
2n− 3 R
1−2n cos2n−3 φ
[− 2n+ 3
+ (2n− 1) cos2 φ] = 0, (83)
where the solution for u0 is used. From this dif-
ferential equation, only the particular solution is
required. One can note that the solution of f
is independent of the source, M . Furthermore,
through rescaling of the function f , one can note
that f(φ) = (n−1)2n−3 R
1−2nh(φ), where h satisfies,
d2h
dφ2
+ h− cos2n−3 φ[− 2n+ 3
+ (2n− 1) cos2 φ] = 0. (84)
Note that if h(φ) is a solution, then so is h(−φ)
(since they both satisfy the same differential
equation). Since the coefficients of h are contin-
uous, and the cosine function is also continuous
(and hence the final term is continuous) on the
interval considered
(
φ ∈
[
−pi
2
,
pi
2
])
, and the ho-
mogeneous solution is unique (it is equal to zero
since we are only interested in the particular solu-
tion), the solution is unique [67]. Since both h(φ)
and h(−φ) are solutions, then h(φ) = h(−φ),
hence an even function (and therefore, so are f
and g).
Using this formalism, the solution for u is given
to be
u =
3M
2R2
+
cosφ
R
− M cos(2φ)
2R2
+ α23n−1nf(φ).
(85)
Again, the solution of u is symmetric about
φ = 0 (since f is even), which is expected from
the spherical symmetry. Similarly to what was
done to the previous cases, we first change φ →
pi/2− φ to obtain,
u =
3M
2R2
+
sinφ
R
+
M cos(2φ)
2R2
+ α23n−1nf
(pi
2
− φ
)
.
(86)
The distance of closest approach r¯ can be found
by setting u(pi/2) = 1/r¯. Obtained a solution for
u, the value for r0 is
1
r0
=
2M
R2
+ α23n−1nf
(pi
2
)
, (87)
whilst the value for C0 is
C0 = −r02
(
1
R
+ α23n−1nf ′
(pi
2
))
. (88)
Using these values and substituting into Eq.
(61), the one-sided deflection up to first order
in α, Λ and M , and neglecting their products, is
found to be
ψ0 =
2M
R
(
1− ΛR
4
24M2
+ α23n−2
R2
M
[
nf
(pi
2
)
− 2
2n−2(n− 1)(2n− 1)M2n−1
(2n− 3)R4n−2
])
. (89)
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For n ≥ 4, the second term in the square brack-
ets leads to a higher order term, and therefore is
neglected. Hence, the solution reduces to
ψ0 =
2M
R
(
1− ΛR
4
24M2
+ α23n−2n
R2
M
f
(pi
2
))
,
(90)
or in terms of h,
ψ0 =
2M
R
(
1− ΛR
4
24M2
+ α23n−2n
R3−2n
M
(n− 1)n
2n− 3 h
(pi
2
))
. (91)
One can again note that even for n ≥ 4, the α
term is independent of the source M .
The method used here is also valid for other
values of n. From Eq. (89), setting n = 0 gives
the de-Sitter solution [g = 0 in this case thus
Eq. (83) does not exist], and the solutions for
n = 2 and 3 can be obtained from Eq. (84) and
Eq. (91) [since the assumption used to derive Eq.
(91) still holds]. Furthermore, since the solution
for u is symmetric about φ = 0 (or φ = pi/2
after transforming), the total deflection is twice
the one-sided deflection (this also holds for the
other cases of n).
The major downside of this solution is that
the coefficient of this contribution cannot be ob-
tained explicitly unless the solution for h is found
using Eq. (84), which can be done as long as spe-
cific values of n are considered.
E. α constraints
For n = 2 and n = 3, a positive α increases the
deflection whilst a negative one decreases the de-
flection. However, nothing can be said for higher
values of n since the signature of h is not de-
termined. Using these results, a constraint on α
can be set by taking observational values of the
light deflection from the Sun. These in turn give
a measure of the γ PPN parameter which mea-
sures the deviation from GR. In other words, we
set
2ψ0 = γ
4M
R
. (92)
As an approximation, we will take R to be the
solar radius. From the analysis of the data ob-
tained by very long baseline interferometry in
Ref.[72], a value of γ = 0.99992 ± 0.00012 was
obtained. Taking Λ ∼ 10−46 km−2, we obtain
− 6.533 < α < 1.307 km2, (93)
for n = 2, whilst for n = 3, we obtain
− 5.646× 1011 < α < 1.129× 1011 km4. (94)
V. SHAPIRO TIME DELAY
In order to obtain an expression relating the
path of the photon and the coordinate time, we
use Eqs. (47), (48) and (49) to obtain
0 = 1− e
B(r)
eA(r)
(
dr
dt
)2
− e
A(r)b2
r2
, (95)
where b = L/E is the impact parameter. At the
point of closest approach r = R, we have dr/dt =
0. Thus, the previous equation reduces to
b2 =
R2
eA(R)
. (96)
Substituting this value for the impact parame-
ter in Eq. (95) and integrating to find the time
between r and R yields,
t(r,R) =
t(r)∫
t(R)
dt
=
r∫
R
[
eB(r
′)−A(r′)
1− R2eA(r′)−A(R)
r′2
]1/2
dr′. (97)
where the substitution r′ = r is used in order to
differentiate from the coordinate r in the integral
expression. Up to first order in α, Λ and M , and
neglecting their products, the integral reduces to
12
t(r,R) =
r∫
R
√
1− R
2
r′2
[
1 +
2M
r′
+
MR
r′2 + rR
+
Λr′2
3
− ΛR
2
6
+ α
23n−2
[
R4r′2n + r′2R2n
(
(2n2 − 3n+ 2)r′2 − (2n2 − 3n+ 3)R2
)]
r′2nR2n(2n− 3)(r′2 −R2)
]
dr′, (98)
which reduces to,
t(r,R) =
√
r2 −R2 + M
√
r2 −R2
r +R
+ 2M ln
(
r +
√
r2 −R2
R
)
+
Λ
18
√
r2 −R2 (R2 + 2r2)
+
r∫
R
√
1− R
2
r′2
α23n−2
[
R4r′2n + r′2R2n
(
(2n2 − 3n+ 2)r′2 − (2n2 − 3n+ 3)R2
)]
r′2nR2n(2n− 3)(r′2 −R2)
 dr′,
(99)
For simplicity, we shall denote the integral term
in the previous expression as Tn(r,R).
Now consider a signal traveling from Earth to
Mercury and back. The delay is maximum when
Mercury is at superior conjunction and the signal
passes very close to the sun. Thus, by setting the
distance of closest approach R ' R, the total
maximum delay is found to be,
(∆t)max = 2
[
t (r⊕, R) + t
(
r', R
)
−
√
r⊕2 −R2 −
√
r'2 −R2
]
.
(100)
Using Eq. (99) in Eq. (100), we get
(∆t)max = 4M ln

(√
r⊕2 −R2 + r⊕
)(√
r'2 −R2 + r'
)
R2

+
Λ
9
[√
r⊕2 −R2
(
R2 + 2r⊕2
)
+
√
r'2 −R2
(
R2 + 2r'2
)]
+ 2M

√
r⊕2 −R2
R + r⊕
+
√
r'2 −R2
R + r'
+ 2 [Tn (r⊕, R) + Tn (r', R)] . (101)
Now, using the fact that R/r⊕ << 1 and R/r' << 1, the above expression simplifies to,
(∆t)max ' 4M
[
1 + ln
(
4r⊕r'
R2
)]
+
2Λ
9
(
r⊕3
+ r'3
)
+ 2
[
Tn (r⊕, R) + Tn
(
r', R
)]
.
(102)
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One can note the first two terms in the expres-
sion, the first leading in M is the Schwarzchild
contribution whilst the second leading in Λ is the
de-Sitter contribution, as expected [62, 68]. The
T terms are all dependent on α, and hence will
not contribute to the Schwarzchild de-Sitter con-
tributions in Shapiro time delay (except when
n = 0). Since the integral for T (r,R) cannot be
evaluated for general n, we shall consider some
specific cases.
For the case when n = 0, we get
T0(r,R) = − α
36
√
r2 −R2 (R2 + 2r2) , (103)
which is of the same form as the Λ term found
in Eq. (99). This makes sense since for n = 0, α
takes role of a cosmological constant.
Now, for the case when n = 2, the integral
evaluates to
T2(r,R) = 80α cos
−1 (R/r)
R
. (104)
Using Eq. (102), again using the fact that
R/r⊕ << 1 and R/r' << 1, the time delay
becomes
(∆t)max ' 4M
[
1 + ln
(
4r⊕r'
R2
)]
+
2Λ
9
(
r⊕3
+ r'3
)
+ 160α
(
pi
R
−
r⊕ + r'
r⊕r'
)
].
(105)
Lastly, for the case when n = 3, we obtain
T3(r,R) = 896α cos
−1 (R/r)
3R3
+
256α
√
r2 −R2
R2r2
.
(106)
Using Eq. (102), again using the fact that
R/r⊕ << 1 and R/r' << 1, the time delay
becomes
(∆t)max ' 4M
[
1 + ln
(
4r⊕r'
R2
)]
+
2Λ
9
(
r⊕3
+ r'3
)
+
1792piα
3R3
− 256α
[
(r⊕ + r')
3R2r⊕r'
+
(
1
r⊕3
+
1
r'3
)]
. (107)
From an analysis carried onto higher values of
n (up to n = 8), a series solution depending on
the value of n has been noted. For the case 2 ≤
n ≤ 6, and assuming n is a natural number, we
get
(∆t)max ' 4M
[
1 + ln
(
4r⊕r'
R2
)]
+
2Λ
9
(
r⊕3
+ r'3
)
+ α
βnpi
R2n−3
+ α
n−2∑
k=0
γnk
R2(n−k−2)
(
1
r⊕2k+1
+
1
r'2k+1
)
, (108)
where βn and γnk are constants. On the other
hand, for n ≥ 7 and keeping n to be a natural
number, an extra contribution appears. Thus,
for higher order values of n, more contributions
to the time delay might appear and a general
solution would be difficult to obtain. Nonethe-
less, the form obtained for the cases between
2 ≤ n ≤ 6 are consistent even for n ≥ 7. In
particular, it was noted that for n ≥ 3, we have
γn0 = −23n−2/(2n− 3).
Using the solutions found for n = 2 and n = 3,
we can set a constraint on α using the γ PPN
parameter as follows. As shown in [55], the max-
imum time delay in the PPN formalism yields,
(∆t)PPNmax ' 4M
[
1 +
1 + γ
2
ln
(
4r⊕r'
R2
)]
.
(109)
From the analysis of the Cassini experiment, a
value of γ = 1.000021 ± 0.000023 was obtained
[73]. Taking Λ ∼ 10−46 km−2, for the case when
n = 2, we obtain
− 9.175× 10−2 < α < 2.019 km2, (110)
whilst for n = 3, we obtain
− 1.183× 1010 < α < 2.603× 1011 km4. (111)
VI. GRAVITATIONAL REDSHIFT
Consider a stationary clock in a gravitational
field. The proper time measured by the clocks is
given by the proper time dτ , which from Eq. (6)
becomes,
dτ = eA(r)/2 dt. (112)
To measure the time dilation (and hence the red-
shift), consider two clocks at rest placed at two
positions r1 and r2. The ratio of the frequency
(observed at r1) of the light from the point at r2
to that of the light from the point at r1 is
ν2
ν1
=
eA(r2)/2
eA(r1)/2
. (113)
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Thus, the redshift z is found to be
z ≡ ν2
ν1
− 1 = e
A(r2)/2
eA(r1)/2
− 1. (114)
For |A(1)(r1)| < 1 and |A(1)(r2)| < 1, expanding
the previous expression up to first order in M , α
and Λ, and neglecting their products, the redshift
is found to be
z ' M
r1
− M
r2
+
Λ
6
(
r1
2 − r22
)
− α2
3n−2 (r12−2n − r22−2n)
3− 2n . (115)
The first two terms in the expression for the
redshift are the Schwarzchild de-Sitter contribu-
tions [62], whilst the α term is the new contri-
bution which arises from the metric. For the
case when n = 0 and using the transformation
Eq. (41), the solution reduces to the standard
Schwarzchild de-Sitter solution with k as the new
cosmological constant, as expected.
In order to use this result to constrain α, we
use the experimental setup used by Pound and
Rebka which determined the redshift due to the
Earth on a particle falling a height of 22.5 m [74].
The redshift measured was z = (2.57± 0.26)×
10−15. Using Eq. (115) with Λ ∼ 10−46 km−2,
for n = 2 we get
− 5.052× 10−5 < α < 1.369× 10−4 km2, (116)
whilst for the case when n = 3, we get
− 3.854× 102 < α < 1.044× 103 km4. (117)
VII. CONCLUSION
The equations Eqs. (39), (70), (78), (89), (91),
(105), (107), (108) and (115) are the main results
of this paper.
In all tests, the Schwarzchild de-Sitter contri-
butions were obtained, and the effect of α were
considered. Although the modification terms
were clearly obtained for perihelion precession
and gravitational redshift, the light bending and
Shapiro time delay are incomplete for general n.
In the case of light bending, the coefficient of
the modification term can only be determined for
specific values of n whilst for Shapiro time delay,
a power series solution is noted but is incomplete
since larger values of n gives rise to contributions
not considered in this series solution.
Nonetheless, a set of constraints on α from each
test using observational data were obtained for
the cases n = 2 and n = 3, given in Eqs. (45),
(46), (93), (94), (110), (111), (116) and (117).
By comparing all the constraints, the values of α
for n = 2 and 3 which satisfy all the solar system
tests (in other words, lie within the constraint of
each test) are
−5.052×10−5 < α < −8.072×10−15km2, (118)
for n = 2 and
− 3.854× 102 < α < −25.753 km4, (119)
for n = 3. Note that in both cases, α is found to
be negative.
Although there is a large difference in magni-
tude between the values of α for the two cases of
n considered in this paper, it still keeps the f(T )
modification term αTn small. For example, not-
ing the form of the torsion scalar in Eq. (13), for
n = 3, T is inversely proportional to r. Thus, the
largest value of T would be obtained by taking
the smallest value of the latter.
In the case of perihelion precession, this cor-
responds to the semi-latus rectum of Mercury
LM. Using the obtained constraint |α| ∼ 102km4,
we get
∣∣αT (LM)3∣∣ ∼ 10−42 km−2 which is much
smaller than
∣∣T (LM)∣∣ ∼ 10−15 km−2.
Acknowledgements
We would like to thank the unknown referee for
the useful comments and suggestions that helped
us to significantly improve our manuscript. The
research work disclosed in this publication is par-
tially funded by the ENDEAVOUR Scholarships
Scheme.
[1] A. G. Riess et al. [Supernova Search Team Col-
laboration], Astron. J. 116, 1009 (1998) [astro-
ph/9805201].
[2] S. Perlmutter et al. [Supernova Cosmology
Project Collaboration], Astrophys. J. 517, 565
(1999) [astro-ph/9812133].
[3] G. Hinshaw et al. [WMAP Collabora-
tion], Astrophys. J. Suppl. 208, 19 (2013)
[arXiv:1212.5226 [astro-ph.CO]].
[4] D. J. Eisenstein et al. [SDSS Collaboration], As-
trophys. J. 633, 560 (2005) [astro-ph/0501171].
[5] Y. Wang, Phys. Rev. D 78, 123532 (2008)
[arXiv:0809.0657 [astro-ph]].
[6] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys.
75 (2003) 559 [astro-ph/0207347].
[7] J. Binney, ,S. Tremaine, Galactic Dynamics,
Princeton University Press, Princeton (1987)
15
[8] C. M. Will, arXiv:1409.7871 [gr-qc].
[9] E. Berti et al., arXiv:1501.07274 [gr-qc].
[10] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys.
82, 451 (2010) [arXiv:0805.1726 [gr-qc]].
[11] S. Capozziello and M. Francaviglia, Gen. Rel.
Grav. 40, 357 (2008) [arXiv:0706.1146 [astro-
ph]].
[12] R. Aldrovandi and J. G. Pereira, Telepar-
allel Gravity: An Introduction, Springer,
Dordrecth, (2012), “Teleparallel Gravity” at
http://www.ift.unesp.br/users/jpereira/tele.pdf.
[13] R. Aldrovandi, J. G. Pereira and K. H. Vu, Braz.
J. Phys. 34 (2004) 1374 [gr-qc/0312008].
[14] J. W. Maluf, Annalen Phys. 525 (2013) 339
[arXiv:1303.3897 [gr-qc]].
[15] A. Einstein, S.B. Preuss. Akad. Wiss.
414-419 (1925), see the translation in
[arXiv:physics/0503046[physics.hist-ph]].
[16] S.B. Preuss. Akad. Wiss. 217-
221 (1928), see the translation in
[arXiv:physics/0503046[physics.hist-ph]].
[17] A. Einstein, Math. Ann. 102,
685- (1929), see the translation in
[arXiv:physics/0503046[physics.hist-ph]].
[18] R. Ferraro and F. Fiorini, Phys. Rev. D 78,
124019 (2008) [arXiv:0812.1981 [gr-qc]].
[19] F. Fiorini and R. Ferraro, Int. J. Mod. Phys. A
24, 1686 (2009) [arXiv:0904.1767 [gr-qc]].
[20] V.F. Cardone, N. Radicella, S. Camera, Phys.
Rev. D 85, 124007 (2012) [arXiv:1204.5294
[astro-ph]].
[21] R. Myrzakulov, Eur. Phys. J. C 71 (2011) 1752
[arXiv:1006.1120 [gr-qc]].
[22] G. G. L. Nashed and W. El Hanafy, Eur. Phys. J.
C 74 (2014) 10, 3099 [arXiv:1403.0913 [gr-qc]].
[23] R. J. Yang, Eur. Phys. J. C 71 (2011) 1797
[arXiv:1007.3571 [gr-qc]].
[24] G.R. Bengochea, Phys.Lett. B 695 (2011) 405-
411.
[25] K. Bamba, C.Q. Geng, C.C. Lee, L.W. Luo,
JCAP 1101 (2011) 021.
[26] K. Karami and A. Abdolmaleki, Res. Astron.
Astrophys. 13 (2013) 757 [arXiv:1009.2459 [gr-
qc]].
[27] J. B. Dent, S. Dutta, E. N. Saridakis, JCAP
1101 (2011) 009.
[28] Y.F. Cai, S.H. Chen, J.B. Dent, S. Dutta, E.N.
Saridakis, Class.Quant.Grav. 28 (2011) 215011.
[29] S. Capozziello, V.F. Cardone, H. Farajollahi, A.
Ravanpak, Phys.Rev. D 84 (2011) 043527.
[30] K. Bamba, S. D. Odintsov and D. Sa´ez-
Go´mez, Phys. Rev. D 88 (2013)
084042 doi:10.1103/PhysRevD.88.084042
[arXiv:1308.5789 [gr-qc]].
[31] S. Camera, V. F. Cardone and N. Radi-
cella, Phys. Rev. D 89, 083520 (2014)
[arXiv:1311.1004 [astro-ph.CO]].
[32] G. L. Nashed, Gen. Rel. Grav. 47 (2015) 7, 75
[arXiv:1506.08695 [gr-qc]].
[33] M. Zubair and G. Abbas, arXiv:1507.00247
[physics.gen-ph].
[34] T. Wang, Phys. Rev. D 84 (2011) 024042
[arXiv:1102.4410 [gr-qc]].
[35] R. Ferraro and F. Fiorini, Phys. Rev. D 84
(2011) 083518 [arXiv:1109.4209 [gr-qc]].
[36] P. A. Gonzalez, E. N. Saridakis and Y. Vasquez,
JHEP 1207 (2012) 053 [arXiv:1110.4024 [gr-
qc]].
[37] S. Capozziello, P. A. Gonzalez, E. N. Saridakis
and Y. Vasquez, JHEP 1302 (2013) 039 [JHEP
1302 (2013) 039] [arXiv:1210.1098 [hep-th]].
[38] M. E. Rodrigues, M. J. S. Houndjo, J. Tossa,
D. Momeni and R. Myrzakulov, JCAP 1311
(2013) 024 [arXiv:1306.2280 [gr-qc]].
[39] G. G. L. Nashed, Gen. Rel. Grav. 45 (2013) 1887
[arXiv:1502.05219 [gr-qc]].
[40] G. G. L. Nashed, Astrophys. Space Sci. 330
(2010) 173 [arXiv:1503.01379 [gr-qc]].
[41] E. L. B. Junior, M. E. Rodrigues and
M. J. S. Houndjo, arXiv:1503.07857 [gr-qc].
[42] C. Bejarano, R. Ferraro and M. J. Guzma´n,
Eur. Phys. J. C 75 (2015) 77
doi:10.1140/epjc/s10052-015-3288-x
[arXiv:1412.0641 [gr-qc]].
[43] M. Krsˇsˇa´k, arXiv:1510.06676 [gr-qc].
[44] M. Krsˇsˇa´k and E. N. Saridakis,
arXiv:1510.08432 [gr-qc].
[45] C.G. Bohmer, A. Messa, N. Tamanini, Class.
Quantum Grav. 28, 245020 (2011)
[46] H. Dong, Y.-b Wang, X.-h Meng, Eur. Phys.
J.C. 72, 2002 (2012).
[47] G.G.L. Nashed, Phys. Rev. D 88, 104034 (2013).
[48] A. Paliathanasis, S. Basilakos, E.N. Saridakis, S.
Capozziello, K. Atazadeh, F. Darabo, M. Tsam-
parlis Phys. Rev. D 89, 104042 (2014).
[49] L. Iorio and E. N. Saridakis, Mon. Not. Roy.
Astron. Soc. 427, 1555 (2012) [arXiv:1203.5781
[gr-qc]].
[50] Y. Xie and X. M. Deng, Mon. Not. Roy. Astron.
Soc. 433 (2013) 3584 [arXiv:1312.4103 [gr-qc]].
[51] B. Li, T. P. Sotiriou and J. D. Barrow, Phys.
Rev. D 83, 064035 (2011) [arXiv:1010.1041 [gr-
qc]].
[52] N. Tamanini and C. G. Boehmer, Phys. Rev. D
86, 044009 (2012) [arXiv:1204.4593 [gr-qc]].
[53] M. L. Ruggiero and N. Radicella, Phys. Rev. D
91, 104014 (2015) [arXiv:1501.02198 [gr-qc]].
[54] L. Iorio, N. Radicella and M. L. Ruggiero, JCAP
1508 (2015) 08, 021 [arXiv:1505.06996 [gr-qc]].
[55] S. Weinberg, Gravitation and cosmology: prin-
ciples and applications of the general theory of
relativity (Wiley, 1972).
[56] J. Bodenner and C. M. Will, American Journal
of Physics 71 (2003).
[57] C. Cattani, M. Scalia, E. Laserra, I. Bochic-
chio, and K. K. Nandi, Phys. Rev. D87, 047503
(2013), 1303.7438.
[58] W. Rindler and M. Ishak, Phys.Rev. D76,
043006 (2007), 0709.2948.
[59] J. Sultana, D. Kazanas, and J. L. Said, Phys.
Rev. D86, 084008 (2012).
[60] H. Miraghaei and M. Nouri-Zonoz, Gen. Rel.
Grav. 42, 2947 (2010), 0810.2006.
[61] W. Rindler, Relativity: Special, General, and
Cosmological (OUP Oxford, 2006).
[62] V. Kagramanova, J. Kunz, and C. Lammerzahl,
Phys. Lett. B634, 465 (2006), gr-qc/0602002.
[63] J. Sultana, Journal of Cosmology and Astropar-
ticle Physics 2013, 048 (2013).
[64] A. Bhadra, S. Biswas, and K. Sarkar, Phys. Rev.
16
D82, 063003 (2010), 1007.3715.
[65] M. Ishak, W. Rindler, J. Dossett, J. Molden-
hauer, and C. Allison, Mon. Not. Roy. Astron.
Soc. 388, 1279 (2008), 0710.4726.
[66] M. L. Ruggiero (2016), 1601.00588.
[67] M. R. Boelkins, J. L. Goldberg, and M. C. Pot-
ter, Differential Equations with Linear Algebra
(Oxford University Press, USA, 2009).
[68] M. Ishak, Phys. Rev. D78, 103006 (2008),
0801.3514.
[69] K. Brown, Reflections on Relativity (lulu.com,
2015).
[70] E. V. Pitjeva, in Relativity in Fundamental As-
tronomy: Dynamics, Reference Frames, and
Data Analysis (2009), vol. 5 of Proceedings of
the International Astronomical Union, pp. 170–
178.
[71] M. Carmeli and T. Kuzmenko, AIP Conf.Proc.
586, 316 (2001), astro-ph/0102033.
[72] S. B. Lambert and C. Le Poncin-Lafitte, aap
529, A70 (2011).
[73] B. Bertotti, L. Iess, and P. Tortora, Nature 425,
374 (2003).
[74] R. V. Pound and G. A. Rebka, Phys. Rev. Lett.
3, 439 (1959).
[75] V. C. De Andrade, L. C. T. Guillen, and J. G.
Pereira, in Recent developments in theoretical
and experimental general relativity, gravitation
and relativistic field theories. Proceedings, 9th
Marcel Grossmann Meeting, MG’9, Rome, Italy,
July 2-8, 2000. Pts. A-C (2000), gr-qc/0011087.
[76] R. Aldrovandi and J. Pereira, Teleparallel Grav-
ity: An Introduction, Fundamental Theories of
Physics (Springer Netherlands, 2012).
[77] V. C. de Andrade and J. G. Pereira, Phys. Rev.
D56, 4689 (1997), gr-qc/9703059.
[78] In the latter case, in order the keep the perturba-
tive approach self-consistent, a maximum value
of r must be defined to consider these terms as
perturbations of the flat space-time background.
